DESCRIPTIVE PROPERTIES OF ELEMENTS OF BIDUALS OF 

BANACH SPACES 
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Abstract. If is a Banach space, any element x** in its bidual E** is 
an affine function on the dual unit ball Be* that might possess variety of 
descriptive properties with respect to the weak* topology. We prove several 
results showing that descriptive properties of a;** are quite often determined 
by the behaviour of x** on the set of extreme points of Be* , generalizing 
thus results of J. Saint Raymond and F. Jellett. We also prove several results 
on relation between Baire classes and intrinsic Baire classes of Li-preduals 
which were introduced by S.A. Argyros, G. Godefroy and H.P. Rosenthal in 
[21 p. 1047]. Also, several examples witnessing natural limits of our positive 
results are presented. 



1. Introduction and main results 

If £■ is a (real or complex) Banach space, an element x** of its bidual may posses 
interesting descriptive properties if x** is understood as a function on the dual 
space endowed with the weak* topology. Since the dual unit ball Be* is weak* 
compact, the set extB^* of its extreme points is nonempty and its weak* closed 
convex hull is the whole unit ball. Hence one might expect that a behaviour of x** 
on the set ext Be* in some sense determines the behaviour of x** on Be* ■ The aim 
of our paper is to substantiate this general idea by presenting several results on 
transferring descriptive properties of a;**|extBE. to x\be* ■ To formulate our results 
precisely, we need to recall several notions. 

Since the main results are mostly formulated for Banach spaces over real or 
complex field, we need to work with vector spaces over both real and complex 
numbers. So all the notions are considered, if not stated otherwise, with respect to 
the field of complex numbers. All topological space are considered to be Tychonoff 
(i.e, completely regular, see [S] p. 39]), in particular they are Hausdorff. 

If K is a compact topological space, a positive Radon measure on K is a finite 
complete measure with values in [0, oo) defined at least on the cr-algebra of all Borel 
sets that is inner regular with respect to compact sets (see [SI Definition 41 IH]). A 
signed or complex measure /i on X is a Radon measure if its total variation is 
Radon. We often write /i(/) instead of / /d/i. We denote as A4{K), Ai~^{K) and 
Ai^{K) the set of all Radon measures, positive Radon measures and probability 
Radon measures, respectively. Using the Riesz representation theorem we view 
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Ai{K) as the dual space to the space C{K) of all continuous functions on K. Unless 
stated otherwise, we consider the space A4{K) endowed with the weak* topology. 
A function f : K ^ <C is universally measurable if / is /z-measurable for every 
H G M{K). If J" is a family of functions, we write J''' for the set of all bounded 
elements of 

Let X be a compact convex subset of a locally convex space. Then any measure 
H S M^{X) has its unique barycenter x (£ X, i.e., the point x G X satisfying 
li{f) = f{x) for each / G 'Ql'^{X) (here 2l'^(X) stands for the space of all con- 
tinuous affine functions on X). We write Mx{X) for the set of all probability 
measures with x as the barycenter. The mapping r : Ai^{X) — > X assigning to 
every probability measure on X its barycenter is a continuous affine surjection, see 
[U Proposition 1.2.1] or 22, Proposition 2.38]. A function / : AT — > C is called 
strongly affine (or a function satisfying the barycentric formula) if / is universally 
measurable and — f{r{fi)) for every fi e Ai^{X). It is easy to deduce that 
any strongly affine function is bounded (see e.g. [22, Lemma 4.5]). 

If E is Banach space, Be' with the weak* topology is a compact convex set. 
We call an element / e E** strongly affine if its restriction to Be* is a strongly 
affine function. We also mention that a continuous affine function / on Be* , which 
satisfies /(O) — and f{ix*) — if{x*) for x* E Be* , is in fact an element of E, i.e., 
there exists x £ E with f{x*) = x*{x) for x* G Be*- 

Further we need to recall descriptive classes of functions in topological spaces. 
We follow the notation of [33|. If A is a Tychonoff topological space, a zero set in 
A is an inverse image of a closed set in R under a continuous function / : A — s> M. 
The complement of a zero set is a cozero set. A countable union of closed sets is 
called an set, the complement of an F^- set is a Gs set. If A is normal, it follows 
from Tietze's theorem that a closed set is a zero set if and only if it is also a Gs set. 
We recall that Borel sets are members of the cr-algebra generated by the family of 
all open subset of A and Baire sets are members of the cr-algebra generated by 
the family of all cozero sets in A. We write Bos(A) and Bas(A) for the algebras 
generated by open or cozero sets in A, respectively. 

A set A C X is resolvable (or an H-set) if for any nonempty B C X (equiva- 
lently, for any nonempty closed B C X) there exists a relatively open U C B such 
that either UcAoTUnA = 9>. It is easy to see that the family IIs(A) of all 
resolvable sets is an algebra, see e.g. [20l §12, VI]. Let S2(Bas(A)), E2(Bos(A)) 
and S]2(Hs(A)) denote countable unions of sets from the respective algebras. 

Let Bafi(A) denote the family of all E2(Bas(A))-measurable function on A, 
i.e., the functions / : A -> C satisfying f~^{U) £ E2(Bas(X)) for all C/ C M open. 
Analogously we define families Bofi(A') and Hfi(A). 

Now we use pointwise limits to create higher hierarchies of functions. More 
precisely, if $ is a family of functions on A, we define $o = 'I' and, for each countable 
ordinal a, consists of all pointwise limits of sequences from IJ^^q, ^p. Starting 
the procedure with Bafi(A) and creating higher families Baia{X) as pointwise 
limits of sequences contained in lJi<^<a Baf^(A), we obtain the hierarchy of Baire 
measurable functions. Analogously we define, for a e [l,tJi), families BofQ,(A) 
and Hfct(A) of Borel measurable functions and resolvably measurable functions. 
(Theorem 5.2 in [33j explains the term " measurability" in these definitions.) 

If A is a Tychonoff space and we start the inductive process with the family 
$0 = "J" = C(A), we obtain the families Cq(A) of Baire-a functions on A, a < wi. 
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Then the union IJ^.^^^^ Ca{X) is the family of all Baire functions. It is easy to see 
that Ci{X) = Bafi(X) (see Proposition 0| and thus C«(X) = Bafa(X) for any 
a G [IjWi). 

Now we can state our first result concerning a preservation of descriptive proper- 
ties. For separable Banach spaces and Baire functions, the results can be obtained 
from [ini Corollaire 8]. 

Theorem 1.1. Let E be a (real or complex) Banach space and f G E** be strongly 
ajfine. Then, 

• for ae /l oxtBg.. ^ ^^a{BE-) if and only if f e ma{BE*), 

• for a€ [l,uji), /I^^jtb^ ^ BofaiBE*) if and only if f e Bof„(_B£;.), 

• for ae [0,a;i), f\ ^^^ £ Ca{BE') if and only if f £ Ca{BE*). 

We remark that the assumption of strong affinity is necessary because otherwise 
the transfer of properties fails spectacularly. An example witnessing this phenom- 
enon can be constructed as follows. Consider the real Banach space E = C([0, 1]) 
and the function / : A^([0, 1]) — >■ M assigning to each ^ G A^([0, 1]) its continuous 
part evaluated at function 1. Then / is a weak* discontinuous element of E** con- 
tained in C2(5ai([o,i])) that vanishes on extB7\4([o,i]). (Details can be found e.g. in 
[351 Chapter 14], [1 p. 1048] or [H Proposition 2.63].) 

The next theorem in a way extend results of F. Jellett in [T4l, Theorem]. 

Theorem 1.2. Let E be a (real or complex) Banach space such that cx±Be* 
is a Lindelof set. Let f G E** be a strongly affine element satisfying /|extx G 
CQ(ext_B£;. ) for some a G [0,aji). Then 



By assuming a stronger assumption on extBE* we may ensure the preservation 
of all classes, including the finite ones. 

Theorem 1.3. Let E be a (real or complex) Banach space such that extBE* is a 
resolvable Lindelof set. Let f G E** be a strongly affine element satisfying f\extx G 
Ca{extBE-') for some a G Then f G Ca{BE'). 

We remark that the shift of classes may really occur without the assumption of 
resolvability as it is witnessed by Example 18.11 One may also ask whether results 
analogous to the ones of Theorems 11.21 and 11.31 remains true for functions from 
classes Bofa and Hfo,. Examples 18.21 and 18.31 show that this is not the case. 

Further we observe that, for a separable space E^ the topological condition im- 
posed on ex.tBE-' in Theorem 11.31 is equivalent with the requirement that extiJ^* 
is a set of type F^. This can be seen from the following two facts: a subset of a 
compact metrizable space is a resolvable set if and only if it is both of type F„ and 
Gs (use [201 §26, X] and the Baire category theorem); the set of extreme points 
in a metrizable compact convex set is of type Gg (see [H Corollary 1.4.4] or [33J 
Proposition 3.43]). 

We also point out that the topological assumption in Theorem 11.31 is satisfied 
provided extBE* is an Fa- set. To see this, we first notice that exti?^;* is then a 
Lindelof space. Second, we need to check that ext Be" is a resolvable set in Be* ■ To 
this end, assume that F C Be* is a nonempty closed set such that both Fnext Be* 




Ca+i{BE*), a G [0,a;o), 
Ca{BE*), a G [loq,u>i). 
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and F \ ext Be* are dense in F. By [371 Theoreme 2], we can write 



oo 



where Hn C Be* is closed and Vn C Be* is open, n e N. Thus both F \ ext Be* 
and F D ext Be* are comeager disjoint sets in F, a contradiction with the Baire 
category theorem. Hence ext Be* is a resolvable set. 

For the particular class of Banach spaces, namely Li-preduals, one can obtain 
an information on an afRne class of a function from its descriptive class (we recall 
that a Banach space is an Li-predual if E* is isometric to some space Li(/i); see 
[H p. 59], [U Chapter 7] or [TUl Section II.5]). Affine classes a < wi, 

of functions on a compact convex set X are created inductively from 2lo(X) = 
Ql'^{X) (see [5] or [22j Definition 5.37]). We also remark that a pointwise convergent 
sequence of affine functions on X is uniformly bounded which easily follows from the 
uniform boundedness principle (see e.g. [221 Lemma 5.36]), and thus any function 
in IJa<c^i ^aiX) is strongly affine. If X = Be* is the dual unit ball of a Banach 
space E, the affine classes are termed intrinsic Baire classes of -E in [31 p. 1047] 
whereas strongly affine Baire functions on X creates hierarchy of Baire classes of 
E. Theorem II .41 relates these classes for real Li-preduals. 

We recall that, given a compact convex set X in a real locally convex space, the 
real Banach space 2l'^(X) is an ii-predual if and only if X is a simplex, i.e., if for 
any x G X there exists a unique maximal measure Sx G Ai^{X) representing x (see 
[71 Theorem 3.2 and Proposition 3.23]). 

(A measure fi G Ai~^{X) is maximal if fi is maximal with respect to the Choquet 
ordering, i.e., fj, fulfils the following condition: if a measure v € J^~^{X) satisfies 
n{k) < v{k) for any convex continuous function k on X, then ii ^ v. We refer 
the reader to [H Chapter I ,§ 3] or [22l Section 3.6] for information on maximal 
measures.) 

Theorem 1.4. Let E be a real Li-predual and f G E** be a strongly affine function 
such that f G Ca{BE*) for some a G [2,a;i). Then 



J ^\^a+i{BE*), aG[2,wo), 

\^a{BE*), a G [lOq,U!i). 

If, moreover, ext Be* is a Lindelof resolvable set, then f G ^aiBE*)- 

Let us point out that, for any Banach space E and a strongly affine function 
/ G E** satisfying / G Ci{Be*), we have / G 21i(Be.)- This follows from [27l 
Theoreme 80] (see also [1 Theorem IL1.2] or [H Theorem 4.24]). For higher Baire 
classes, there is a big gap between affine and Baire classes which is an assertion 
substantiated by M. Talagrand's example [38l Theorem] where he constructed a 
separable Banach space E and a strongly affine function / G E** that is in C2{Be* ) 
and not contained in IJq<wi ^a{BE* )- Further, [32l Theorem 1.1] shows that the 
shift of classes in Theorem 11.41 for finite ordinals may occur even for separable 
Li-preduals. 

The strategy of the proofs of our main results is to reduce firstly the problem to 
the case of real Banach spaces and then to consider the dual unit ball with the weak* 
topology as a compact convex subset of a real locally convex space. Elements of 
the bidual are then bounded affine functions on the dual unit ball. The key results 
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of Sections [SHH] are thus formulated for this setting. The proof of Theorem 11.41 
is moreover based upon a resuh of W. Lusky stating that any real ii-predual is 
complemented in a simplex space (i.e., a space of type 2t'^(X) for a simplex X) and 
thus our above mentioned technique can be used only for real Li-preduals. Since 
it is not clear whether Lusky's result remains true for complex Li-preduals, the 
validity of Theorem ] 1.4\ for complex spaces remains open. 

The content of our paper is the following. The second section provides a more 
detailed information on descriptive classes of sets and functions. Then we prepare 
a proof of Theorem 11.11 in Section [31 Results necessary for dealing with Lindelof 
sets of extreme points are collected in Section |4l They are used in Sections [5] and [H 
which prepares ground for the proof of Theorems 11.21 and 11.31 All Sections [SHG] deal 
within the context of real spaces. Section [7] proves by means of prepared results the 
theorems stated in the introduction. The last Section[8]constructs spaces witnessing 
some natural bounds of our positive results. 

When citing references, we try to include several sources to help the reader with 
finding relevant results. 

2. Descriptive classes of sets and functions 

We recall that, for a Tychonoff space X, Bas(X), Bos(X) and Hs(X) denote the 
algebras generated by cozero sets, open sets and resolvable sets in X, respectively. 
These algebras serve as a starting point of an inductive definition of descriptive 
classes of sets as was indicated in introduction. More precisely, if is any of the 
families above, S2(J^) consists of all countable unions of sets from T and 112(7^) of all 
countable intersections of sets from J^. Proceeding inductively, for any a € (2,wi) 
we let T,a{J-) to be made of all countable unions of sets from Ui<^<an^(J^) and 
Ila{J-) is made of all countable intersections of sets from Ui</3<q ^/3(-^)- The 
family Ha H Sq {J^) is denoted as Aq, (T) . The union of all created additive (or 
multiplicative) classes is then the cr-algebra generated by T. 

(These classes and their analogues were studied by several authors, see e.g. [9], 
[26] . [I2] or [11]. We describe in [33l Remark 3.5] their relations to our descriptive 
classes. We refer the reader to [TT] for a recent survey on descriptive set theory in 
nonseparable and nonmetrizable spaces.) 

In case X is metrizable, all the resulting classes coincide (see [33, Proposi- 
tion 3.4]). These classes characterize in terms of measurability the classes Bafa (X), 
BofQ,(X) and llia{X) defined in the introduction. (We recall that a mapping 
/ : X ^ C is called F -measurable if f~^{U) € J- for every U C C open.) Precisely, 
it is proved in 33, Theorem 5.2] that given a function f : X ^ C on a Tychonoff 
space X and a G [l,Wi), we have 

• / G Jia£a{X) if and only if f is Yia^i(Bas{X))-measurable. 

• / G Jiofa{X) if and only if f is Tia+i(Bos{X)) -measurable. 

• / G ilfa{X) if and only if f is T.a+i{ils{X)) -measurable. 

It follows easily from this characterization that all the classes BafQ(X), TiofaiX) 
and Hfa(X) are stable with respect to algebraic operations and uniform convergence 
(see [22l Theorem 5.10]). Also, a function / is measurable with respect to the tr- 
algebra generated by Hs if and only if / belongs to some class Hf „ . Analogous asser- 
tions hold true for the algebras Bos and Bas. Thus ljQ<tJi ^a{X) = lJct<tJi Bafa(Ar) 
is the family of all functions measurable with respect to the cr-algebra of Baire sets. 
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The following characterization of functions from Hfi follows from the definition 
and results of G. Koumoullis in |T9l Theorem 2.3]. 

Proposition 2.1. For a function f : K ^ C on a compact space K , the following 
assertions are equivalent: 

(i) f&m,{K), 

(ii) has a point of continuity for every closed F <Z K (i.e., f has the point 
of continuity property ), 

(iii) for each e > and nonempty F C X there exists a relatively open nonempty 
set U C F such that diam/(C/) < e (f is fragmented^. 

Next we need to recall a characterization of resolvable sets that asserts that a 
subset H of a topological space X is resolvable if and only if there exist an ordinal 
K and an increasing sequence of open sets $ ^ Uq C Ui d U2 CI ■ ■ ■ C U-y C 
■ ■ ■ a Uk, — X and I C [0, k) such that, for a limit ordinal 7 G [0, k], we have 
[j{Ux : \ < j} ^ and H = U{t^7+i \ U.f ■ 1 ^ 1} (see [HI Section 2] and 
references therein). We call such a transfinite sequence of open sets regular and 
such a description of a resolvable set a regular representation (this notion of regular 
representation is slightly more useful for us than the one used in |13[ Section 2]). 

A family 14 of subsets of a topological space X is scattered if it is disjoint and 
for each nonempty V C U there is some V ^ V relatively open in IJ V. It {U^)-y<K, 
is a regular sequence, then {C/7+1 \ : 7 < k} is a scattered partition of X. 

It is not difficult to deduce that a scattered union of resolvable sets is again a 
resolvable set. (Indeed, let {Hi : z S /} be a scattered family of resolvable sets. By 
[T2I Fact 4], each Hi is a union of a scattered family Hi of sets in Bos{X). By [9l 
Lemma 2.2(c)], the family [Ji^j Hi is scattered, and thus again by |12j Fact 4], the 
set Uie/ is resolvable.) 

We will also need a fact that any resolvable subset of a compact space is univer- 
sally measurable (see 'W, Lemma 4.4]). 

The following fact will be used in the proof of Theorem 16.41 

Proposition 2.2. Let a G [2, wi) and {U-y)-y<K be a regular sequence in a TychonofJ 
space X. Let A <Z X be such that A n (C/7+1 \ U-y) G Sq(IIs(C/^-|-i \ U~f)) for each 
7 < K (or Ar\ (C/^+i \ U^) G n„(Hs(C/-,+i \ U^)), 7 < n). Then A G E„(Hs(X)) 
(orA& n„(Hs(X));. 

Proof. If a = 2, the assertion for the additive class follows from the fact mentioned 
above that a scattered union of resolvable sets is again a resolvable sets. By taking 
complements we obtain the assertion for 112 (Hs). A straightforward transfinite 
induction then concludes the proof. □ 

For the sake of ompleteness, we include a proof of an easy observation mentioned 
in the introduction. 

Proposition 2.3. Lf X is a Tychonoff space, Ci{X) = Bafi(Ar). 

Proof. If f E Ci{X), a straightforward reasoning gives / G Bafi(Ar). On the 
other hand, if / G Bafi(A"), it is enough to assume that / is real-valued. If / 
is moreover bounded, a standard procedure (see e.g. [22[ Lemma 5.7]) provides a 
uniform approximation by a sequence of simple functions, i.e., functions of the form 
J2i=i ^iXAi, where ci, . . . , c„ G M and {Ai, . . . , An] is a disjoint cover of X such 
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that each Ai is a countable unions of zero sets. A moment's reflection reveals that 
any such function is in Ci{X). Hence / £ Ci(X) as well. 

If / is unbounded, we take a homeomorphism iy9 : R ^ (0, 1) and apply the 
procedure above to (/? o / e Bafi(X) to infer ip o f ^ Ci{X). We can then arrange 
an approximating sequence (/„) of continuous functions on X in such a way that 
< /„ < 1, n e N. Then (p-^ o /„ ^ /, and / e Ci{X). □ 

3. Transfer of descriptive properties from extX to X 

Throughout this section we work with real spaces. The main result is Theo- 
rem 13.41 on transferring descriptive properties of strongly affine functions from the 
closure of the set of extreme points. 

Lemma 3.1. Let K be a compact space and H a universally measurable subset of 
K. Let J: M^{K) -^M.be defined as f{fi) = fi{H), fi £ M^{K). Then 

• / G BofiiM^K)) if H £ Bos{K). 

Proof. We first assume that H \s a, resolvable set. We select a regular sequence 
([/-y)-y<K which provides a regular representation of H as mentioned in Section [21 
We prove by transfinite induction that, for every 7 < k, the function /i ^{HC\U~j) 
IS in mi{M^{K)). 

The statement holds trivially for 7 = 0. 

We suppose now that 7 < k is of the form 7 = (5 + 1 and the claim is valid for 
5. Then, for every /i G AA'^{K)^ we have 

^l{H n U-,) = fi{H n Us) + i^iH n {Us+i \ Us)). 

The second summand is either equal to or fj,{Us+i)—iJ.(Us). Since the function /i n- 
IJ,{U) is lower semicontinuous on Ai^{K) for every open set U C K, it follows e.g. 
from [m Theorem 2.3] that the function /i 1-^ fJ-iUs+i) - f-i{Us) is in mi{M^{K)). 

The function /i — > ^{HDUs) is in ilii{^4^{K)) due to the induction hypothesis. 
Thus fi f^{H), as a sum of two functions in Hfi(A4^(_ftr)), is in llii{M^{K)) as 
well. 

Assume now that 7 < k is a limit ordinal and the statement holds for each 
ordinal smaller than 7. Let f{fi) = ^{H n U^), /i G M^{K). Assuming / is not 
in Hfi(A^^(i4r)), Proposition 12.11 provides a nonempty set M C A4^{K) and e > 
such that diam/(M nV) > e for each open set V C Ai^{K) intersecting M. Let 

s — sup{/i([/-y) : /I G M} 

and let ^0 G be chosen such that no{Uj) > s — j. By the regularity of ^0, there 
exists (5 < 7 with ij,o{Us) > s — |. Then the set 

V = {^l e M\K) : fi{Us) > s ~ 

is an open neighborhood of iiq. 

Let h : M^{K) ^ M be defined as = fi{H n Us). Then we have 

\h{ti)^fip)\ = \^i{HnUs)-fi{Hnu^)\ < Hu.,\Us)\ < s-is-^-) = |, ^ie Mnv, 

and, by the induction hypothesis, h is in Hfi(A^^(iir)) which means that h is 
fragmented. 
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Thus there exists an open set W C M^{K) intersecting MOV such that 
diam h{M nV nW) < j. By the assumption, there exist fii,fi2 G M nV nW 
satisfying — /(m2)| > £• On the other hand we have 

|/(mi)-/(a*2)| < |7(Mi)-^(m)l + IMMi)-/i(A*2)| + IMM2)-7(A*2)| < le, 

which is a contradiction. Thus / is fragmented. This proves the claim as well as 
the proof of the first assertion. 

Assume now that H G Bos{K). Then H can be written as a finite disjoint union 
of differences of closed sets (see e.g. [22, Lemma 5.12]), i.e., H = IJiLi \ 
where Fi C Ei are closed and the family {Ei \ Fi, . . . , En \ En} is disjoint. Then 
the function fi i— fi{Ei \ Ei), as a difference of a couple of upper semicontinuous 
functions on M^{K), is in Bofi(A^^(-ft')) for each pair Ei,Ei. 

Hence fi n- n{H), ji e M.^{K), is a finite union of functions in Bofi(A^^(A')), 
and thus contained in ^oii{M.^{K)). □ 

Lemma 3.2. Let f : K ^ R be a bounded universally measurable function and let 
J: M^{K) ^ R &e defined as J{^i) = ^(/), nC,M^{K). Then 

. feBohiMHK)) iffeBohiK). 

Proof. We begin with the proof for / G Hfi(ii'). First, if / — xa is the characteristic 
function of a set A G A2(lis{K)) , we write A = [J^ An, where Ai C A2 C ■ ■ ■ are 
sets in Hs(i4r). If c G M is given, we have from Lemma [3. II that 

00 

{^l G M\K) : f{^l) > c} = U {/i G M\K) : ^i{An) > c} G S2(Hs(if)). 

On the other hand, K \ A S2(Hs(i^)) and hence it follows from the previous 
reasoning that 

{fi G M\K) : f{fi) <c} = {^le M\K) : ^{K \ A) > 1 - c} e E2(Hs(if)). 

We conclude that / is E2(Hs(A^^(isr)))-measurable and hence / G Mi{M^{K)). 

If / G Hfi(if) is bounded, it can be uniformly approximated by simple functions 
in Hfi(i^), i.e., functions of the form J27=i ^iXAi, where Ai,. . . ,An G A2{lls{K)) 
are pairwise disjoint and ci,...,c„ G M (this standard procedure can be found 
e.g. in ^2J Lemma 5.7]). Hence / can be uniformly approximated by functions in 
mi{M^{K)), and thus / G mi{M^{K)). 

The proof for / G Bofi(_fi') would proceed in a similar fashion. □ 

Lemma 3.3. Let K be a compact space and f : K ^ R be a bounded universally 
measurable function. Let /: A4^[K) M. be defined as f{ji) = l^{f), fJ. G Ai^{K). 
Then, 

(a) for a G [l,c^i), / G Hf„(/^) if and only tffe RUM\K)), 

(b) for a G [l,a;i),, / G Bof„(ii:) if and only if f e Bof„(>[i(i^)), 

(c) for a G [0,wi), / G Ca{K) if and only if f e Ca{M\K)). 

Proof. The "if parts of the proof easily follows from the fact f = f o cj) where 
(j) : K A4^{K) sending a point x G K to the Dirac measure Ex at a; is a 
homeomorphic embedding. 
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The proof of "only if part will be given by transfinite induction. If a = 1 in (a) 
and (b), the assertion follows from Lemma [3.21 the case a = in (c) is obvious. 
The assertions for higher ordinals a now follows by a straightforward induction. 

□ 

As we mentioned in the introduction, the following theorem is a generalization 
of m Corollaire 8]. 

Theorem 3.4. Let X be a compact convex set and f : X ^ W be a strongly affine 
function. Then, 

• for a € [l,uji), f\-^^ G Hfa(e xtX) if and only if f e RfaiX), 

• for a& [1, wi), f\-^^ e Bo fa(ext X) if and only if f e Boia{X), 

• for ae [0,wi), f\-^^ e Ca{extX) if and only if f e Ca{X). 

Proof. It is easy to realize that all the families Hfc, Bofa and Cq are preserved by 
making restrictions to subspaces of X. This observation gives the "if parts of the 
proof. 

For the proof of the "only if parts, let / : X — R be a strongly affine function 
with fl ^^^x ^ J'iextX) where is any of the classes Ilia, Bof^ or Ca- Then the 
function g : A4^(ext X) R defined as 

is in J^{M'^{exiX)) by Lemma ESI 

The mapping r : A^^(extX) — ^ X, which assigns fi S A^^(extX) its barycenter 
r(/z) e X, is a continuous surjection of a compact space A^^(extX) onto X (see [TJ 
Proposition 1.4.6 and Theorem 1.4.8] or [22l Theorem 3.65 and Proposition 3.64]). 

From the strong affinity of / we have ]f — f ° r. Now we use the fact that 
g G J^{M^(&dX)) if and only if / e T{X). This fact can be found in [H Theo- 
rem 5.9.13] and |H1 Theorem 5.26] for classes Ca, and in [T21 Theorems 4 and 10] 
for classes BoIq. and Hfo, (see also [221 Theorem 5.26]). Thus the function / is in 
T{X). □ 

4. Auxiliary result on compact convex sets with extAT being Lindelof 

Throughout this section we work with spaces over the field of real numbers. We 
aim for the proof of Proposition 14.71 which is a fact used both in Section [S] and HI 
We recall that a topological space X is K-analytic if it is an image of a Polish space 
under an upper semicontinuous compact-valued map (see |28[ Section 2.1]). 

Lemma 4.1. Let ip: X ^ Y be a continuous surjection of a K-analytic space X 
onto a K-analytic space Y and let g : Y ^ R. Then g is a Baire function on Y if 
and only if g o is a Baire function on X . 

Proof. If g is a Baire function y, then g o Lp is clearly a Baire function on X. 
Conversely, \i f = g o tp \s a. Baire function on X and f/ C M is an open set, then 
both f~-^{U) and f~^{M. \ U) are Baire sets in X. Then they are iiT-analytic sets 
in X (see Section 2]), and thus 

g~\U) = ^{f-\U)), g-\R \ U) = ^(/-^(M \ U)) 

are if-analytic as well. It follows from the proof of the standard separation theorem 
(see [351 Theorem 3.3.1]) that they are Baire sets. Hence g is measurable with 
respect to the cr-algebra of Baire sets, and thus it is a Baire function. □ 
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Lemma 4.2. Let / : X — !■ R be a strongly ajfine function on a compact convex set 
X for which there exists a Baire set B D exiX such that /|b is a Baire function. 
Then f is a Baire function on X . 

Proof. Let B D ext X and / : X — s> M be as in the hypothesis. Let 

B = {ne M\X): n{B) = 1}. 

Since the characteristic function of i? is a Baire function, the function c(/i) = 
Ijl{B), jjL £ A^^(X), is a Baire function on M.^{X) as well, and thus B = {/i G 
M.^{X): c{ii) = 1} is a Baire set in M.^{X). Hence _B is a iC-analytic space and it 
follows from Lemma rS.Sr c) that the function f : B ^ R defined as 

is a Baire function on B. 

Then r : _B — >■ X is a continuous surjective mapping satisfying f = f o r (see [TJ 
Corollary L4.12 and the subsequent remark] or [221 Theorem 3.79]). By Lemma BTTl 
/ is a Baire function. □ 

Lemma 4.3. Let X be a compact convex set with extX Lindeldf, fi G AA^{X) he 
maximal and B D ext X be ^-measurable. Then fJ.{B) ~ 1. 

Proof. Given B D ext X and maximal measure /i G A4^{X), by the regularity of /i 
it is enough to show that fJ.{K) = for every K C X \ B compact. Given such a 
set K, for every x G ext X we select a closed neighborhood of x disjoint from 
K. By the Lindelof property we choose a countable set {x„ : n G N} C ext X with 
extX C y Ux„. By Corollary L4.12 and the subsequent remark in jT] (see also j221 
Theorem 3.79]), fi{[J Ux„) — 1. Hence fi{K) = 0, which concludes the proof. □ 

Lemma 4.4. Let X be a compact convex set with ext X Lindelof and f G C^(ext X). 
Then there exist a decreasing sequence (u„) of continuous concave functions on X 
and an increasing sequence (In) of continuous convex functions on X such that 

inf /(extX) < inf /i(X), supui(X) < sup /(ext X), 

and 

Un \ /, In Z' f on ext X. 

Proof. Without loss of generality we may assume that 

< i = inf f{X) < sup f{X) = s < 1 on ext X. 

We construct a decreasing sequence (w„) of continuous concave functions on X with 
values in [0, 1] such that u„ \ / on extX. To achieve this, we define h: extX 
[0, 1] as 

/i(x) = j-^^^^' xeextX, 

\\iuianpy^x,yec^tx fiy), ^ £ extX\extX. 



Then h is upper semicontinuous on ext X and the function 

h* = inf{a G 2l'=(X) : a > / on extX} 

satisfies h = h* = f on extX by [1, Proposition L4.1] (see also [22l Theorem 3.24]). 
Hence 

/ = inf{a G 2l'^(X): a > / on extX} on ext X. 
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Since extX is a Lindelof space, there exists a countable family 'H = {/i„ : ri e N} 
of functions in 21"^ (X) majorizing / on ext X such that / = inf H on ext X (see [T4j 
Lemma] or [22, Lemma A.54]). Then we obtain the desired sequence by setting 

Ui — s A hi, U2 — s A hi A ■ ■ ■ A hn, ■ • • , n G N. 

Analogously we obtain an increasing sequence (Z„) of convex continuous functions 
converging to / on extX. □ 

Lemma 4.5. Let X be a compact convex set with ext X Lindelof and let f £ 
Ca{extX) have values in [0,1]. Then there exist a Baire set B D exiX and a 
function g G Ca (B) such that 

• 9 ~ f on ext X, 

• < g < 1 on B, and 

• g{r{ii)) = ^i{g) for any /i G M^{X) satisfying ii{B) = 1 and r(ii) £ B. 

Proof. We proceed by transfinite induction on the class of a function /. 

Assume first that / is continuous on ext A". Using Lemma 14.41 we find relevant 
sequences {un) and {In), and define u = inf„£pfU„, / — sup„g[^/„. Then we observe 
that I <uhy the minimum principle (see Theorem L5.3] or |22[ Theorem 3.16], 
both functions are Baire, u is upper semicontinuous concave and I is lower semi- 
continuous convex. Let 

_B = {x G A: u{x) — l{x)} and 9{x) — u{x), x £ B. 

Then i? is a Baire set containing ext A and, ioi x G B and /i G A4x{X) with 
fi{B) — 1, we have 

g{x) = u{x) > fi{u) = fi{l) > l{x) = g{x). 

Since g is continuous on B, the proof is finished for the case a = 0. 

Assume now that the claim holds true for all /3 smaller then some countable 
ordinal a. Given / G CQ,(extA) with values in [0,1], let (/„) be a sequence of 
functions with /„ G CQ,„(extA) for some a„ < a, n G N, such that /„ — > /. 
Without loss of generality we may assume that all functions /„ have values in [0, 1]. 
For each n G N, we use the induction hypothesis and find a Baire set i?„ Z) ext X 
along with a function gn G Ca„{Bn) with values in [0, 1] that coincides with /„ on 
ext A and satisfies ^^(^'(m)) = /^(.9n) for any /i G A4^{X) satisfying ^.{Bn) — 1 and 
r(/i) G Bn. 

We set 

oo 

B = {x £ (I Bn'- {gn{x)) converges} and g{x) — lim gn{x), x € B. 

' ' n— ^oo 

n=l 

Then B is Baire set containing ext A, g G Ca{B) with values in [0, 1], 

9n{x) = fn{.x) f{x) for cveiy x G ext A, 
and, for x G -B and /i G Mx{X) with /i(-B) = 1, 

g{x) = lim gn{x) = lim ^(.g„) = n{g). 

This finishes the proof. □ 

Lemma 4.6. Let X be a compact convex set with ext A Lindelof and let f : A — M 
be a strongly affine function such that f\cxtx G CQ,(ext A). Then there exists a Baire 
set B D ext A such that f G Ca{B). 
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Proof. Given a function / as in the hypothesis, we assume without loss of generahty 
that < / < 1. Using Lemma [4.51 we find a Baire set B D extX together with a 
function g G Ca{B) with values in [0, 1] such that g = / on extX and g{x) = ii{g) 
for each x ^ B and ^ G A4x{X) with fJ,{B) = 1. 

We claim that f = g on B. To verify this, pick x £ B and a maximal measure 
fj. € A4x{X). Then /x is supported by B and f = g /i-almost everywhere. (Indeed, 
the set {y £ X : f{y) = g{y)} is /z-measurable and contains extX. The assertion 
thus follows from Lemma H31) Hence 

9{x) = Kg) = = fix), 

where the last equality follows from the strong affinity of /. This concludes the 
proof. □ 

Proposition 4.7. Let X be a compact convex set with ext X Lindelof and let 
f: X ^ R be a strongly ajfine function such that f\cxtx is Baire. Then f is a 
Baire function on X . 

Proof. The assertion follows from Lemmas 14.61 and 14.21 □ 



5. Transfer of descriptive properties on compact convex sets with 

extX BEING Lindelof 

The notions in this section are considered with respect to real numbers. The fol- 
lowing key factorization result uses a method of a metrizable reduction available for 
Baire functions that can be found e.g. in [S], [351 Theorem 5.9.13], [311 Theorem 1], 
[3] or [551 Theorem 9.12]. The main results of Theorem 15.21 are then consequences 
of a selection theorem by M. Talagrand (see [36]). 

Lemma 5.1. Let X be a compact convex set with ext X Lindelof and let f : X ^ R 
be strongly affine such that f\cxtx G Ca{extX) for some a G [l,a;i). Then there 
exist a metrizable compact convex set Y , an affine surjection ip : X ^ Y , a strongly 
affine Baire function f : Y ^ R and g G C^(extr) such that 

g{ip{x)) ^ f{x), X G extX n (p~^(exty), 

and 

fix) = fiifiix)), xeX. 

Proof. Given a function / as in the premise, we may assume without loss of gen- 
erality that < / < 1. Let T — {gn'. n G N} C C(extX) be a countable family of 
functions with values in [0, 1] satisfying / G J-a- 

For a fixed index n G N, using Lemma [4.41 we select finite families lA^ and 
fc G N, of functions in 21"^ (X) with values in [0, 1] such that, for 

ui^MU!^, /^ = sup/:^, 

we have 

• limfc^oo Ini^) = limfe^oo = 9nix) for each x G extX, 

• (^ra)fcLi is increasing and (m^)^! is decreasing. 

Further, by Proposition 14.71 / is a Baire function on X, say of class /3. Let 
J-' ~ {hn- n G N} C C(X) be a countable family satisfying / G (^')^- For any 
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n,k £ N, by 1, Proposition 1. 1.1] (or [22, Proposition 3.11]) there exist finite 
families V^, C^''{X) such that, for = inf V^, wfj = supW^, we have 

\\hn - {v'^ + W^)\\ < 

By setting Q — {w^, w^: n,k £N}, we obtain a family satisfying f £ Gp- 
We set 

n.feeN 

and define : X as 

ip{x) ^ {<j){x)) , xex. 

Then Y = (p{X) is a metrizable compact convex set and, for each e there 
exists (f> € 21"^ (y) with (po (p — (j>. 

For fixed n,k€N, let U^^ C ^"{Y) be such that 

Analogously we pick and W,^ in 'Ql'^{Y). Then 



- inf , IJ; = sup C'^ , wf; = inf V,^ and wf, = sup 



satisfy 

° = ° "/^ = ^n, ^'n ° "/^ = and W^^ O if = 

Given y £ extF, we select x € extX n (p^^{y). Then 

lim u'^iy) = lim u'^{ip{x)) = lim u'^^ix) — gnix), and 

lim = lim rf,((/7(a;)) = lim ^^(a;) = g,,{x). 

Then (u^)^i is a decreasing sequence on extF, (^fj^i is increasing on extl^and 
both converge to a common limit g„ ■ ext 1" — )■ R defined by 

9n{y) = lim y e extr. 

/C— >C30 

Then ^„ is a continuous function on exty with values in [0, 1]. 

Thus, for every n e N, there exists a function gn G C''(ext Y) satisfying gn°^ — 9n 
on extX n <^"i(exty). Let T ={])„■■ n e N}. 

Now we claim that, for each 7 e [0,a] and /i S -F^, there exists h G such 
that h = h o (p on extX n 1^9""'^ (ext 1"). To verify this, we proceed by transfinite 
induction. The claim is obvious for 7 = 0. Assume that it holds for all 7' < 7 for 
some 7 < a and that we are given h G J-^. Let 7n < 7 and G -7^^„J n. e N, be 
such that /i = lim /i„ . By the inductive assumption, there exist /i„ G J^-y^ satisfying 

= hnOip on ext A" n (y9^^(ext y). Then the sequence {hn{y)) converges for every 
point y G ext Y. Hence we may define a function h G J-j by 

h{y) = lim /i„(?;), y G extF, 

n— fcjo 

and then, for every y G exty and x G (p^^{y) H ext A, 

/i(2/) = lim = lim /i„(x) = /i(a;). 

n— ^00 n— foo 

This proves the claim. 
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It follows from the claim that there exists a function g G CQ(exty) such that 

g{(p{x)) ^ f{x), a; G extX n (^"^(extr). 
Analogously, let Q be the family satisfying 

Q ~ {zo ip: z e G}. 

Then, for each 76 [0, /3] and a function h d Q^, it follows as above that there exists 
a function h G satisfying h — h o ip. Hence there exists a function / G (G)/) 
satisfying J — f o ip. Obviously, / is a Baire function and, moreover, it is strongly 
affine by [33 Proposition 3.2] (see also [351 Proposition 5.29]). This concludes the 
proof. □ 

Theorem 5.2. Let extX he a Lindeldf set and / : X — S- M fee a strongly affine 
function. ///|cxtx GCQ(extX), then 

^^fc„+i(X), aG[0,c^o), 
\Ca{X), a G [ujQ^uJi). 

Proof. Let / be a strongly affine function / whose restriction to ext X is of Baire 
class a. If a = 0, i.e., / is continuous and bounded on extX, Lemma 14.41 provides 
the relevant sequences (w„) and {In)- For n G N, x G X and ^1,^2 £ -MxiX), we 
have 

By [3 CoroUary 1.3.6] (see also [H Lemma 3.21]), 

(In)* < / < K)*- 

By the Hahn-Banach theorem, there exists a sequence (/i„) of functions in 2t'^(X) 
such that 

{In)* -- <K< (u„), + -, n G N. 
n n 

Then / G Ci{X) because hn ^ f on extX, and thus on X. (Indeed, given a; G X, 
let /I G A4x{X) be maximal. Then the set 

{yeX: K{v)^f{v)} 

is /x-measurable and contains extX. By Lemma [4.31 /i(i?) = 1. Hence f{x) = 
Hif) = lim^(/i„) = K{x).) 

Assume now that a > 1. Then we use Lemma 15.11 to find a continuous affine 
surjection ip oi X onto a metrizable compact convex set Y, g C^(exty) and a 
Baire function / : X — M such that 

(1) f — g o tp on ext X Ci ip^^{ext Y) and f = f o ip on X. 

Since extl^ is a Gg set and a > 1, we can extend g to the whole set Y (and 
denote it likewise) with preservation of class (see (20l §31, VI, Theoreme]). By [36l 
Theoreme 1] (see also [HI Theorem 11.41]), there exists a mapping y Uy, y G Y, 
such that 

(a) Vy is a maximal measure in A4y{Y), 

(b) the function y i^y{h) is Baire-one on Y for every h G C{Y). 
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Let 

Hy) = '^vig): V ^Y. 

Then 

~^|c+i(y), ae[0,c<.o), 

Indeed, if a < ujq, the claim foUows from (b) by induction. If a = cjq, let 
be a bounded sequence of functions such that ])„ £ Ca„ (Y) for some a„ < ojq and 
9n ^ 9- Then the functions hn{y) = Vyijjn) are in Ca^^i{Y) and converge to h. 
Hence h £ Ci^g{Y). For a > wq, the claim follows by transfinite induction. 

Next we prove that h = f. To this end, let y e F be fixed. Using [22j, Propo- 
sition 7.49] we find a maximal measure ^ G Ai^{X) satisfying (pf^^ = Vy (here 
(/7ti : M^{X) M^{Y) denotes the mapping induced hy ip : X Y , see [8j Theo- 
rem 4181 ]). Then it is easy to check (see e.g. the proof of Proposition 5.29 in [22] ) 
that 

(2) Virip)) = r{ip^^) = r{vy) = y. 

Further, 

^(93-1 (extr)) = 1 

and 

{x^X: f{x) ^ gipix))} D extX n¥'""^(cxtr). 

From these facts and Lemma 14.31 it follows that f ^ g o f /i-almost everywhere. 
Thus we get from ^ and (P) 



Hy) = / 9dvy= gdiipifi) 

Jcxt Y Jcxt Y 

goipdfi^ / fdfi 

X J X 

= f{r{tA) = J{v{r{p))) 

= m- 

Hence / = ft, on F. 

By ([I]), / is of the same class as f = h. This concludes the proof. □ 
6. Transfer of decriptive properties on compact convex sets with 

extX BEING A RESOLVABLE LiNDELOF SET 

Again we point out that this section works within the context of real spaces. 
The first important ingredient is a result on separation of Lindelof sets in Tychonoff 
spaces. 

Lemma 6.1. Let Xi and X2 he disjoint Lindelof sets in a Tychonoff space X. 
Assume that there is no set G G X satisfying Xi C G C X\X2 which is a countable 
intersection of cozero sets. Then there exists a nonempty closed set H C X with 
Hr\Xi=Hr\X2 = H. 

Proof See 03, Proposition 11]. □ 



The following lemma is a kind of a selection result. 
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Lemma 6.2. Let ip : X Y he a continuous surjective mapping of a compact 
space X onto a compact space Y and let f : X ^ M. be a bounded I]q(Bos(X))- 
measurable function for some a G [2,cji). Then there exists a mapping (j) : Y ^ X 
such that 

• 'p{4>{y)) ^y,y ^Y, 

• f o (j) is a Yia{Jios(Y)) -measurable function. 

Proof. Given a bounded EQ(Bos(X))-nieasurable function / on X, we construct 
using a standard approximation technique and [33J Proposition 2.3(f)] (see also 
Lemma 5.7]) a bounded sequence (/„) of EQ(Bos(X))-measurable simple functions 
uniformly converging to /. More precisely, each /„ is of the form 

fn = '^CnkXA^k^ c„fc S M, A„fc 6 A„(Bos(X)) for k = l,...,kn, 

k=l 

where the family {Ank ■ k = 1, . . . ,A;„} is a disjoint cover of X. For every set 
Ank we consider a countable family Ank C Bos(X) satisfying Ank & ^a{Ank)- We 
include all these families in a single family A. 

By |T3l Lemma 8], there exists a mapping (j) : Y ^ X such that Lp{ip{y)) — y 
for every y & Y and 4>~^{A) £ Bos(y) for every A A. Then both (t)~^{Ank) and 
(j)^^{X \ Ank) are in Ect(Bos(F)) for every set Ank- Thus the functions fn°4' are 
Ect(Bos(y))-measurable and consequently, since they converge uniformly to / o 0, 
the function / o is I]Q(Bos(F))-measurable as well. □ 

The next assertion provides an inductive step needed in the proof of Theorem l6.4l 

Lemma 6.3. Let X he a compact convex set with extX being a resolvable Lindeldf 
set and f : X ^ R be a .strongly affine function such that /lextx G Ca{ex.tX) for 
some a £ [l,wo)- Let K C X be a nonempty compact set and e > 0. Then there 
exists a nonempty open set U in K and a T,a+i{ils{U)) -measurable function g on 
U such that \g — f\ < e on U . 

Proof. Without loss of generality we assume that < / < 1. Let K he a. compact 
set in X and e > 0. By Lemma [4.61 there exists a Baire set B D extX such that 
/ G Ca{B). We claim that there exists a Gg set G with 

(3) X\B (iG d X\ey±X. 

Indeed, if there were no such set. Lemma [01 applied to Xi = X\B and X2 = ext X 
(observe that X\B is Lindelof since it is a Baire set; see [Ml Theorem 2.7.1]) would 
provide a nonempty closed set H C X satisfying H D {X \B) — H n ext X = H. 
But this would contradict the fact that exiX is a resolvable set. 

We pick a Gs set G satisfying ^ and write F — X \ G ^ [j Fn, where the sets 
i^i C F2 C • • • are closed in X. Then ext X c[j Fn C B. 

For each n G N, we set 

M„ = {Ai e M^{X) : fi{Fn) > 1 - e} and 

Xn = {x <E X : there exists /i G A/„ such that r(/i) = x} (= r(Af„)). 

Then each Xn is a closed set by the upper semicontinuity of the function fi l^{Fn) 
on M.^{X) and X = [_] Xn- Indeed, for any x & X there exists a maximal measure 
H G Mx{X), which is carried by F (see [U Corollary 1.4.12 and the subsequent 
remark] or [22l Theorem 3.79]), and thus n^Fn) > 1 — e for n G N large enough. 
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Since K C [jXn, by the Baire category theorem there exists to e N such that 
Xm n K has nonempty interior in K. Let U denote this interior. Since /|_f,„ G 
Ca{Fm), we can extend /|_f„ to a function h e Ca{X) satisfying h{X) C co/(Fm) 
(see 22 Corohary 3.5] or Corollary 11.25]). Let the functions h, f: M^{X) 
M be defined as 

Then 

(4) \J{p)-h{p)\<e, fie Mm. 

By Lemma IX^ c). h e Cq(A^^(X)), and thus it is i;Q+i(Bos(A^^(X)))-measurable 
on M\X). 

We consider the mapping r : Mm r{Mm) and use Lemma lOl to find a selection 
(j) : r(M,„) Mm such that 

• r(0(x)) = a;, a; e r(M„), 

• h o (j) is EQ,+i(Bos(r(M„i)))-measurable on r{Mm)- 

By setting g ~ h o (p we obtain the desired function. Indeed, for a given point 
X g r(Mm), the measure 4){x) is contained in n M„n and hence by ^ and 

the strong affinity of /, we have 

|g(x)-/(a:)| = |M0(a:))-/(</'(x))| < 

Thus the function g|;7 is the required one because I]ct+i(Bos)-measurability implies 
SQ+i(Hs)-measurability. □ 

Theorem 6.4. Let X he a compact convex set with ext X being a resolvable Lindeldf 
set. Let f : X ^ R be a strongly affine function such that /|extx S CQ(extX) for 
some a G [l,cji). Then f £ Ca{X). 

Proof. Given such a function /, we assume that < / < 1. Also we may assume 
that a G [IjWo) since other cases are covered by Theorem 15.21 We claim that / is 
SQ+i(Hs(X))-measurable. 

To this end, let e > be arbitrary. We construct a regular sequence $ = Uq C 
Ui C ■ ■ ■ C = X and functions 

g~f eJ:a+i(ils{U~f+i\U~f)), 7 < K, 

satisfying \g — /| < e on U^+i \ as follows. 

Let C/q = 0- Using Lemma [^751 we select a nonempty open set U of X along with 
a SQ,+i(Hs(?7)-measurable function g on U with \g — f\ < e on U . We set Ui = U 
and go = g. 

Assume now that Us and gs are chosen for all d less then some 7. If 7 is limit, 
we set = U5<7 

Let 7 = A + 1. If C/a — X, we set K = A and stop the procedure. Otherwise we 
apply Lemma [6.31 to K ~ X \U\ and obtain an open set U C X intersecting K 
along with a 'Sa+i(iis{U niir))-measurable function g onU OK satisfying I5 — /| < e 
on U D K. We set Uj = U\ L) U and g\ = g. This finishes the construction. 

Let g : X ^ ]&he defined a.s g = g^ on U^+i \U^, j < k. By Proposition 12.21 g 
is a EQ+i(Hs(X))-measurable function. 

By the procedure above we can approximate uniformly / by Sq+i(IIs(X))- 
measurable functions which yields that / itself is SQ+i(Hs(Ar))-measurable. Since 
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/ is a Baire function by Proposition l4.71 Theorem 5.2 and Corollary 5.5 in [33] gives 
/ e Ca{X). This finishes the proof. □ 

7. Proofs of the main results 

Before proving main results we recall a simple observation. 

Lemma 7.1. Let E be a complex Banach space and let f G E** . Then f is strongly 
ajfine on Be* if and only if Re / is strongly affine on Be* ■ 

Proof. If / is strongly affine on Be* and /i G M^{Be*) has x* as its barycenter, 
then 

Ref{x*)+ilu,f{x*)^ f{x*)= ^l{f)^ ^,{Ref)+i^l{lu,f), 

and thus /u(Re/) = Re /(a;*) and ^(Im/) = Im/(a;*). 

Conversely, assuming that Re / is strongly affine on Be* , we infer that so is Im /. 
To see this, consider an affine surjective homeomorphic mapping ip : Be* Be* 
defined as 

<^(y*) = «y*, y*&BE*- 

Since Im/(y*) — — Kef{iy*) for y* G -B*, the function Ini/ is a composition of 
an affine homeomorphism and a strongly affine function, and hence it is strongly 
affine as well. Thus, for /i G Ai^{BE*) with the barycenter x*, 

^lif) = fi{Rcf) + z/i(Im/) = Rc fix*) + tlmf{x*) = fix*), 

and / is strongly affine. □ 

Proofs of Theorems \1.2\ and \1.3[ We proceed to the proofs of Theorems ll . 1 [ FOl 
and 11.31 Let i? be a (real or complex) Banach space and / be an element of E** 
whose restriction to Be* is strongly affine. By forgetting in E* the multiplication 
by complex numbers, we can regard Be* to be a compact convex set in a real locally 
convex space. The function Re / is then a strongly affine function on a compact 
convex set Be* that inherits all descriptive properties from /. Thus if /I ^^iEe- ^ 
Hfa(ext Be*), then Re / is a strongly affine real- valued function with Re /l ^xt Be* ^ 
HfQ,(ext B^;* ). An application of Theorem 13.41 gives Re / G llia{BE*)- Then both 
Re / and Im / are in IIfc(i?£;* ), and thus / = Re f+i Im / is in HidBE*)- Similarly 
we prove the other assertions of Theorem 11.11 

Apparently, this procedure also verifies Theorems 11.21 and 11.31 which finishes 
their proof. □ 



Proof of Theorem \1.4\ Now we prove Theorem ll.4l From now on we will be working 
with real spaces. We start with the following assertion which shows the required 
result for Banach spaces of continuous affine functions on simplices. The general 
result will be then obtained by means of a result of W. Lusky in [23] • 

Proposition 7.2. Let f : X ^ R be a strongly affine function on a simplex X 
such that f G CaiX) for some a > 2. Then 



21q(X), a G [ujo,uji). 



//, moreover, ext X is a Lindeldf resolvable set, then f G 21^ (A"). 
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Proof of Proposition \7.2\ If X is a general simplex, the assertion for finite ordinals 
is proved in jS] Theoreme], for infinite ordinals in |161 Theorem 1.2]. 

Assume now that X is a simplex with extX being a Lindelof resolvable set. 
For each x ^ X, let 5x denote the unique maximal measure in A4.j;{X). By [34l 
Theorem 1], the function Tg{x) = 5x{g), a; G X, is in 2li(X) for any bounded 
g e Ci{X). By induction, Tg e 2l^(X) for any bounded function g G C^(-^) and 
finite ordinal /3 G [2,a;o). Thus, for any a G [2,clIo) and a strongly affine function 
/ e C„(X), f = Tf e 2ta(^). This finishes the proof. □ 

Let £' be a real Li-predual and / G E** be a strongly affine function satisfying 
/ G Ca{BE*) for some a G [2,wi). By [231 Theorem], there exist a simplex X, an 
isometric embedding j : E ^ and a projection P : — > j{E) of norm 

1. Further, it is proved in [531 Corollary III] that there exists an affine continuous 
surjection (p : X ^ Be* such that 

(1) ip{extX) = extBE' U {0} and (f'^iext Be*) C extX, 

(2) (ysjcxtx is injective, 

(3) extX \ Lp^^{ext Be*) is a singleton, 

(4) j{e){x) = (e o ip){x), eGE,xeX. 

(In the notation of [23], the embedding j is denoted by T and ip is denoted by q. 
Conditions (1), (2) and (3) are explicitly stated in [231 Corollary III], condition (4) 
follows from the definitions of T on p. 175 and q on p. 176.) 

The projection P provides for each x d X a measure Hx G Bj^i^x) such that 

(5) Pg{x) = ^lx{9), g^^^x). 
Since P is identity on j{E), we obtain from (4) 

/ij,(e o (p) — (e o ip){x), X G X,e G E. 

We use equality ([5]) to extend the domain of P to any bounded universally mea- 
surable function on X. 
We claim that 

(6) fixif oip) = f{(p{x)), xeX. 
To verify this, let x G X be given. We write 

Hx = oi/xi - a2^i2, ai,a2 > with ai + 02 < 1, /^i, ^2 £ M^{X), 
and let xi, X2 G X he the barycenters of /ii and /i2, respectively. Then 

(7) (p{x) = aiip{xi) - a2(p{x2). 
Indeed, let e G £' be arbitrary. The we compute 

e{(p{x)) = Hx{e oip) = ai/^i(e o Lp) ~ 02^*2(6 o (p) 
= aie{Lp{xi)) - a2e((p(x2)) 
= e{aiip{xi) - a2'p{x2)). 

Hence © holds. 

Since / o 1^ is strongly affine on X by Lemma 2.3] (see also [HI Proposi- 
tion 5.29]), we get from ^ 

f^xif o = aifiiif o(p) - 02^2(7 o <^) = aif{(p{xi)) - a2f{(p{x2)) 

= /(ai(y5(a;i) - a2(p{x2)) = fi^fiix)). 

This verifies (O- 
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Now we prove by induction that Pg e {j{E))[3 provided g £ 21^ (X) for some (3 > 
1. First consider the case (3 = 1, i.e., there exists a bounded sequence (gn) in 2t'^(X) 
with g„ — g. Then Pgn G and, by the Lebesgue dominated convergence 

theorem, Pgn — Pg. 

Assuming the vaUdity of the assertion for aU ordinals /3 smaller then some /3, 
we consider g G 2l/3(X). Let ((;„) be a bounded sequence converging pointwise to 
g, where gn G 2l^„(X) for some /3„ < (3. Then Pgn £ (j(^'))/3„ and, as above, 

Now we get back to the function /. Since f oip £ Ca{X), Proposition [7i2] implies 
that the function f o ip belongs to 'Qlp{X), where either /? = a + 1 if a < wq or 
/3 = a otherwise. By the reasoning above and (jS]), 

/o^ = F(/o^) G {j{E))p. 

Since j{e) = e o for each e £ E, it follows that / G ^[^{Be*)- This concludes the 
proof of the first part of the theorem. 

If, moreover, we assume that exti?^;. is a Lindelof resolvable set, we observe 
that extX is a Lindelof resolvable set as well. To show this, we first notice that 
extX differs from the resolvable set ip~^{ext Be*) by a singleton (see (1) and (3)), 
and thus it is a resolvable set. Second, let F C X\extX be a compact set. By (1), 
(p{F) is disjoint from extBs*- Since extBE" is Lindelof, [SH Lemma 14] provides 
an Fa set A with 

ext^B. cAcBe* \ (p{F). 
If xq G X denotes the singleton extX \ ip^^{ext Be*), then ip^^{A) is an F^ set in 
X satisfying 

extX c (p~^{A) U {xq} c X\F. 

By [34l Lemma 15], cxiX is a Lindelof space. 

Now we can conclude the proof as in the first part, the only difference is that we 
use the second part of Proposition 17.21 □ 

8. Examples 

Banach spaces constructed in this section are real Li-preduals and they are 
created using a notion of a simplicial function space. In order to illuminate the 
construction, we need to recall several definitions and facts. 

If ii' is a compact topological space, Ti C C{K) is a function space if H is a 
subspace of C{K), contains constant functions and separate points of K. For the 
sake of simplicity, we will construct real Banach spaces, and thus we will deal in this 
section only with real spaces C{K). For x £ K, we write AAxiH) for the set of all 
measures /i G with = h{x) for all h ^H. Let G\i-u{K) be the Choquet 

boundary of 7i, i.e., the set of those points x e K with Mx{T-L) = {Sx}- By defining 
A^iU) = {/ G C{K) : fi{f) = f{x), X eK,^£ Mx{T-L)} we obtain a closed function 
space satisfying V. C A^iU) (see [22j Definition 3.8]) and C\vh{K) = G\ij^.(ji){K) 
(this follows easily from the definitions). 

Let 

S(H) = {sGH*:s>0, ||s|| = l} 
denote the state space of %. Then SiTi), endowed with the weak* topology, is a 
compact convex set and K is homeomorphically embedded in S('H) via the mapping 
: if — > S(H) assigning to each x G K the point evaluation at x. Moreover, 
^{ChniK)) = extSin) (see [25l Proposition 6.2] or [22l Proposition 4.26]). 
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The function space % is called simplicial if S(^^(H)) is a simplex (see [22j 
Theorem 6.54]). 

Further, let 'H^'^ denote the space of all universally measurable functions / : 
K ~¥ R satisfying ^(/) = for every /i e C M{K). It is proved in [32l 
Theorem 2.5] (see also 22, Corollary 5.41]) that for any function / e "H^^ there 
exists a strongly afhne function / : S{'H) — >■ M with / = /o'/'. Moreover, the function 
/ inherits from / all descriptive properties considered in the paper, precisely, for 
any a £ [Ij^^i) we have / £ Ca{K), f G Bofa{K) and / G llia{K) if and only 
if /e Ca{S{n)), f e Bofa(S(-H)) and /e Hf„(S(H)), respectively (the first two 
assertions are proved in [22, Corollary 5.41], the last one follows from Theorem l3.4l) . 

A standard construction from 4, Section VII] of a simplicial function space H 
satisfying H = A'^{'H) goes as follows. Take a compact space L, its subset B C L 
and define 

K ^{Lx {0}) U (B X {-1,1}) 

with the "porcupine topology" , i.e., points oi K\{L x {0}) are discrete and a point 
{x,0) e K has a basis of neighborhoods consisting of sets of the form 

Kn{U X {-1,0,1}) \F, 

where U C L is a neighborhood of x and F C K \ {L x {0}) is finite. Then if is a 
compact space and 

H = {fe C{K) : /(x, 0) = i(/(a;, 1) + /(x, -1)), x e B} 

is a simplicial function space satisfying H = A'^{H) and 

Chn{K) = K\{Bx{0}) 

(for the verifications of these facts see [35] or [22l Definition 6.13 and Lemma 6.14]). 

If / : if — > M is a bounded universally measurable function satisfying /(x,0) = 
^{f{x, 1) + f{x, —1)) for each a; e _B, it is easy to verify that / £ H^^ (see 
Corollary 6.12]), and thus it induces a strongly affine function / : S(7^) ^ M which 
satisfies f — f o 4> and shares with / all descriptive properties. 

By this procedure we obtain a simplex X — S{TL) and a strongly affine function 
on X with the desired descriptive properties. It is well known (see e.g. [221 Propo- 
sitions 4.31 and 4.32]) that, given a compact convex set X, the dual space (2l^(X))* 
can be identified with spanX and the dual unit ball with co{X U {~X)), whereas 
the second dual (2l'^(X))** equals to the space of all affine bounded functions on 
X. Hence the construction of a simplex X along with a strongly affine function / 
with the prescribed descriptive properties yields the resulting Li-predual E: we set 
E = ^"{X) and the element x** G E** is the function /. 

This general construction is now used in the following examples. 

Example 8.1. There exist a separable Li-predual E and a strongly affine function 
f e E** such that /loxtSs* Ci(extB_B.) and f ^ Ci{Be*). 

Proof. Let L = [0, 1] and B denote the set of all rational numbers in L. Let K , T-L 
and X be constructed as above. Then K is metrizable, and thus E — W^{X) is a 
separable space. Let / : if — >■ R be defined as 

= ""l^^ {x,t)eK. 

[0, x(^B, 
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Then f\chu{K) £ Ci{Ch-H{K)) since f\ch-H,{K) is the characteristic function of an 
open set in Ch-niK). On the other hand, / has no point of continuity on L x {0}, 
and thus / ^ Ci(ii:). □ 

Example 8.2. There exist an Li-predual E and a strongly affine function f £ E** 
such that exiBE* is an open set in extBs' (hence ext Bg* £ Bos(i?£;*)J, /Ib^* ^ 
C(exti3£;*) and f is not resolvably measurable on Be'- 

Proof. Let L = B = [0,1] and A be an analytic non-Borel set in L (see [THl 
Theorem 14.2]) and let K, H and X be constructed as above. Then Ch^(i^) = 
K\{Lx {0}) is an open set in Ch-u{K) = K. Further, let /: i^T R be defined as 

^(-"^{i: lit '"•"'"^ 

Then f\chn{K) G C{Ch-^{K)) since flchuiK) is the characteristic function of a 
clopen set in Ch-u{K). Since A is /i- measurable for any Radon measure fi on [0, 1], 
/ is universally measurable on K (see |18[ Theorem 21.10]). Obviously, /1lx{o} 
is not Borel on L x {0}. Since the cr-algebra of Borel sets in L coincides with the 
(T-algebra generated by resolvable sets in L (see [33:, Proposition 3.4]), / is not 
measurable on K with respect to the cr-algebra generated by resolvable sets. □ 

Example 8.3. Assuming (CH), there exist an Li-predual E with ext Be' Lindeldf 
and a strongly affine function f e E** such that /IcxtSfi. G Bofi(exti?£;->) and f 
is not a resolvably measurable function. 

Proof. Let L = [0, 1] and Q stand for the set of all rational numbers in L. Assuming 
the continuum hypothesis, by the method of the proof of (24i Proposition 4.9] we 
construct an uncountable set B disjoint from Q that concentrates around the set 
Q (i.e., the set B\U is countable for any open set U D Q). Let K, H and X be as 
above. Then Ch-uiK) = K \ {B x {0}) is Lindelof. Indeed, if U is an open cover of 
Ch-^ {K) , we select a countable family V CU satisfying 

(L X {0}) \{Bx {0}) CV^ \J{U n{Lx {0}) : [/ G V}. 

Then V is an open set in L x {0} containing Q x {0}, and thus _B \ F is countable. 
Hence we may extract a countable family W CU which covers that part of Ch^ (K) 
not already contained in V. Thus V U W is a countable subcover of Chi^{K). 
Define a function f : K Rhy the formula 

f{x,t)^r' {x,t)eK. 

Then / is universally measurable on K. To see this, it is enough to verify that B 
is universally measurable. If ^ G A4^([0, 1]) is a continuous measure (i.e., fJ-Hx}) — 

for each x G [0, 1]), let (?7„) be a sequence of open sets satisfying /i(C/„) < 

1 and Un D Q. Then /i(P| = and i? \ p| J7„ is countable, and thus fi- 
measurable. Hence B is /u-measurable for every continuous measure. Obviously, B 
is /z-measurable for any discrete probability measure ^, and hence B is universally 
measurable. 

On the other hand, B is not Borel, because otherwise, as an uncountable set, 
it would contain a copy of the Cantor set (see [18j Theorem 13.6]) which would 
contradict its concentration around Q. 
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Since / is the characteristic function of an open set in Ch-H^K), we have f\chn{K) S 
Bofi(Ch-H(/^)). On the other hand, / is not Borel on L x {0} because the cr-algebra 
of Borel sets in L coincides with the cr-algebra generated by resolvable sets in L 
(see j33t Proposition 3.4]). Thus / is the required function. □ 
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